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ABSTRACT 
A method is presented for checking the stability of amplification matrices, which 
are polynomials in two or more matrices that do not commute with each other. 
In 1964 Lax and Wendrof proposed a second order difference scheme for 
the two dimensional hyperbolic problem 
(1) 
where C and D are pX p matrices and u is a p component vector. The 
question of stability for sufficiently smooth solution is reduced to the 
problem of linear stability (see[3]). 
The question of the stability of their scheme leads to the following 
problem: what are the conditions on A and B such that the amplification 
matrix G 
G= 1+2i(AQ/* + Bv$q) 
-2(A2t2+ B%2+(AB+ BA)&&/~) 
-2(A2+ Be)&’ (2) 
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satisfies 
A and B are related to C and D by 
AZ&C 
Ax ’ 
B=‘@D 
AY ’ 
Pa) 
5 and 7 are given by 
[=sin$ 
P 
2’ 
7j=sinz, w 
where (Y and P are the dual variables of x and y in the Fourier space. 
The problem is that the spectral mapping theorem does not hold for a 
polynomial in two matrices that do not commute; therefore, there is no way 
to express the eigenvalues of G in terms of the eigenvalues of A and B. 
To this end Lax and Wendroff introduced the notion of the nummical 
range of G, and proved that a sufficient condition for stability is 
I(Gu,u)I < I(U¶U)l. (4) 
(4) is satisfied provided that 
P(A) <Q> P(B) <& (5) 
for symmetric A and B, where p(A) denotes the spectral radius of A. It can 
be proved that if the condition (4) is satisfied, then ]I G”J] < 2. 
It turns out, however, that it is difficult to apply this method to higher 
order schemes such as third and fourth order schemes. It is the aim of this 
note to present a different method for checking the stability of (2). This 
method has been applied also to higher order schemes [l]. Moreover, we can 
replace the assumption that A and B are symmetric by the weaker assump- 
tion that the matrix M defined by 
is normal for every - 1< 5,~ < 1. This is equivalent to the condition A, B 
and A + B are normal. An interesting fact is that we get ]I G” I( < 1. 
In order to investigate the stability of (2) we observe first that 
A252+B%2+(AB+BA)&<\r =M2+(A2+B2)t%2. (8) 
MULTIDIMENSIONAL DIFFERENCE SCHEMES 249 
Therefore G can be written as 
We define next 
+q2(&+2iA$7 -4A2t2). (9) 
G,=I+2i\l\/iM-2M2-F, 
G,=t’(t +2iBn\ll--r12 -4B%j2), 
Ga= q2(; +2iAQ67 -4A2t2), (10) 
where fl V- = d- j/g. It is readily verified that 
IIGII < IIGill + IIW + IIGsll- (11) 
Using the assumption that A 43 + Bnd= is normal, it follows that 
G,, G,, G, are normal. 
We shall now prove that 
IIGII =&J < ~-z%~+v~), (124 
llG,Il+ IIGJI =G(t2+v2), PW 
provided that 
P(A)<& P(B) (4. 03) 
Note that G, are polynomials in one matrix, and therefore the spectral 
mapping theorem can be applied to them. 
To prove (12a) we observe that 
p(G,)+- 7 +ZijlZjlG m-2m2, (14 
where m is one of the eigenvalues of M. Therefore 
= (I- T)‘-4m2( q -taq2-m2). (15) 
But 
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Therefore, if 
then 
Ip(G,)I<l- y, (18) 
(17) is satisfied by (13). 
To prove (12b) we notice that 
llG2112= m,ax54)t+2&qj/G -4b+1~1~, 
where b is an eigenvalue of B. Therefore, 
IlG2112=m~~~[l-16b~4(l-4b2)]. 
(17) 
(19) 
(20) 
In the same manner, 
and therefore 
provided that 
P(A) (8, P(B)% 
This completes the proof. 
Going back to (11) we can conclude that 
and therefore G is strongly stable. 
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